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Abstract The fourth order governing equation of thin plate necessitates the employment of C1 c ntinuous shape func-
tions with a minimum degree of two in a Galerkin formulation. Thus at least a quadratic basis function should be utilized
in meshfree approximation to enable the Galerkin meshfree thin plate analysis. However, due to the rational nature of re-
producing kernel meshfree shape functions, the computation of the second order derivatives of meshfree shape functions
is quite complex and costly, which also requires expensive high order Gauss quadrature rules to properly integrate the
stiffness matrix. In this work, a gradient smoothing Galerkin meshfree method with particular reference to the linear basis
function is proposed for thin plate analysis. The foundation of the present development is the construction of smoothed
meshfree gradients with linear basis function, where the second order smoothed gradients are expressed as combinations
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smoothed meshfree gradientswith linear basis function satisfy both the linear and quadratic gradient consistency condi-
tions and consequently they are adequate for thin plate analysis in the context of Galerkin formulation. An interpolation
error study is given as well to validate the higher order consistency conditions and applicability of smoothed meshfree
gradients for Galerkin analysis of thin plates. It turns out that efficient lower order Gauss integration rules now work well
for the proposed method. Numerical results demonstrate that compared with the conventional Galerkin meshfree method
with quadratic basis function, the proposed gradient smoothing Galerkin meshfree method with linear basis function
yields similar convergence rates, but with better accuracy and less integration points for stiffness computation.






敛性 [1] . 受限于单元离散，有限元法仍然缺乏构造




分析了薄板结构，Liu 和 Chen[9] 基于伽辽金无网格
法进行了薄板振动分析，龙述尧和 Atluri [10] 将局部
彼得罗夫伽辽金无网格法推广至薄板分析，Lu等 [11]
提出了形函数具有插值特性的再生核有限元薄板分
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图 1 薄板问题示意图
Fig. 1 Signconvention of thin plate
对于线弹性材料，应力矩向量 m和曲率向量 κ
之间的本构关系为
m = −Dκ (3)
其中





























δλθ(θn − θ̄n)dΓ +
∫
Γθ
λθδθndΓ = 0 (6)
其中，q是作用在薄板上的竖向载荷，Γw和 Γθ是强


















其中，dI 为与节点 xI 对应的节点系数. 无网格形函
数 ΨI (x)具有如下形式
ΨI (x) = pT(xI − x)c(x)φs(xI − x) (8)
式中，c(x) 是依赖于位置 x 的一个待定系数向量.
p(x)为 p阶单项式基向量，即
p(x) = {1, x, y, x2, xy, y2, · · · , xp, · · · , yp}T (9)
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φs(x − xI ) = φsx(rx)φsy(ry) (11)










ΨI (x)p(xI − x) = p(0) (13)
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将式 (8)代入式 (13)中有





p(xI − x)pT(xI − x)φs(xI − x) (15)
由式 (14)有 c(x) = A−1(x)p(x)，将其代入式 (8)可得
无网格形函数
ΨI (x) = pT(0)A−1(x)p(xI − x)ϕs(xI − x) (16)
对式 (16)直接微分，无网格形函数的一阶和二阶导
数可以表示为
ΨI ,i(x) = pT(0){A−1,i pIφsI + A−1pI ,iφsI+
A−1pIφsI,i} (17)
ΨI ,i j (x) = pT(0){A−1,i j pIφsI + A−1,i pI , jφsI+
A−1,i pIφsI, j + A
−1
, j pI ,iφsI + A
−1pI ,i jφsI+
A−1pI ,iφsI, j + A−1, j pIφsI,i + A
−1pI , jφsI,i+
A−1pIφsI,i j } (18)
其中 pI = p(xI − x), φsI = φs(xI − x)，下标中逗号为微
分算子，{i, j} = {x, y}. A−1,i 和 A−1,i j 为
A−1,i = −A−1A,i A−1
































ΨI ,yy(x)y2I = 2
NP∑
I=1












ϑ(x, y)ΨI ,i(y)dΩ (22)
其中 ϑ(x, y)是光滑函数. 方便起见，计算中可以选












Ψ̄I ,i j (x) =
NP∑
J=1
ΨJ, j(x)ΨI ,i(xJ) (24)
图 2和图 3分别对比了一维和二维无网格形函
数的标准梯度与光滑梯度之间的区别，其中标准梯
度采用的是二次基函数 (p = 2)，光滑梯度采用的是
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图 2 一维无网格形函数标准梯度与光滑梯度对比
Fig. 2 Comparisonof 1D standard and smoothed meshfree gradients
图 3 二维无网格形函数标准梯度与光滑梯度对比










































ΨJ(x) = 1 (26)
式 (25)和式 (26)的推导使用了式 (12).同理可得
NP∑
I=1
Ψ̄I ,x(x)yI = 0,
NP∑
I=1
Ψ̄I ,y(x)yI = 1 (27)
图 4(a)验证了在一维情况下，线性基无网格形
图 4 线性基无网格形函数一阶光滑梯度的常规一致性条件
Fig. 4 Standardconsistency conditions for the first order smoothed
meshfree gradients with linear basis function






























































































Ψ̄I ,yy(x)y2I = 2 (32)
NP∑
I=1












Fig. 5 Extraquadratic consistency conditions for the second order
smoothed meshfree gradients with linear basis function













































w(x) = ex +
1
6











w(x) = sin(πx) sin(πy) (38)







wh,i j (x) =
NP∑
I = 1
Ψ̄I ,i j (x)dI (40)









Fig. 6 Comparisonof interpolation errors of smoothed meshfree gradients with linear basis function
4 薄板分析的线性基梯度光滑伽辽金无网格
法离散方程
将式 (7)∼式 (39)及式 (40)的无网格离散代入薄
板问题的等效积分弱形式 (6)，可得线性基梯度光滑
伽辽金无网格法的离散方程


































































































式中，A 为组装算子 [2]，NW和 NR分别表示边界
















L = 10，截面宽度 b = 0.1，高度 t = 0.2，杨氏




敛率结果，即 2，2和 1，QMF和 LGSMF两种方法
的收敛率基本相同，与前述的插值误差分析结果一
致，但本文所提的基于线性基函数的 LGSMF方法
的精度高于采用二次基函数的 QMF方法. 图 8和
图 9给出了 21个节点无网格离散模型对应的挠度、
图 7 简支梁问题的收敛率对比
Fig. 7 Convergence comparison for the simply supported beam problem
图 8 简支梁问题的结果对比
Fig. 8 Comparisonof results for the simply supported beam problem
698 力 学 学 报 2019年 第 51 卷
转角、曲率的计算结果及其误差分布图，进一步表
明 LGSMF方法的计算误差小于传统的 QMF方法.





Fig. 9 Errorcomparison for the simply supported beam problem
q(x)q(x)
图 10 悬臂梁问题的收敛率对比
Fig. 10 Convergence comparison for the cantilever beam problem
5.2 简支方板和矩形板问题
考虑图 11所示的简支板，其长度为 Lx，宽度为
Ly，厚度 t = 0.1，杨氏模量 E = 2.0× 106，泊松比
ν = 0.3.该问题的解析解为
































Ly = 10，无网格离散模型见图 12，其中 4个模型的
无网格节点数分别 11×11，21×21，31×31和 41×41.
计算中 QMF方法的核函数影响域取 2.4，而LGSMF




Fig. 11 Descriptionof the simply supported square plate problem
图 14给出了 41×41个节点无网格离散模型对应的挠
度、转角、曲率误差分布图，图 13和图 14的结果均
表明 LGSMF方法的精度更高. 对于 Lx = 10，Ly = 5





Fig. 12 Meshfreediscretizations for the simply supported square plate problem
图 13 简支方板问题的收敛率对比
Fig. 13 Convergence comparison for the simply supported square plate problem
图 14 简支方板问题的误差对比
Fig. 14 Errorcomparison for the simply supported square plate problem
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图 15 简支矩形板问题的收敛率对比
Fig. 15 Convergence comparison for the simply supported rectangular plate problem
5.3 固支圆板问题
考虑图 16所示的受均布载荷 q = −10作用周边
固支圆板，其几何和材料参数为：半径 R = 5，厚度





















Fig. 16 Descriptionof the clamped circular plate problem
图 17 固支圆板无网格离散模型
Fig. 17 Meshfreediscretizations for the clamped circular plate problem
图 18 固支圆板问题的收敛率对比
Fig. 18 Convergence comparison for the clamped circular plate problem
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